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Abstract
The Gauss-Bonnet type identity is derived in a Weyl-Cartan space
on the basis of the variational method.
1 Introduction
In the modern gravitational theory quadratic Lagrangians are used widly that
is stimulated by the gauge treatment of gravitation and the renormalization
problems in quantum gravity.1 In this connection the Gauss-Bonnet type iden-
tity becomes the object of a considerable amount of attention. The general-
ization of the Gauss-Bonnet formula to a 4-dimensional Riemann space V4 was
performed by Bach 2 and Lanczos 3 and on the basis of the variational method
by Ray.4 The Bach-Lanczos identity in Riemann spaces imlpies the one-loop
renormalizability of pure gravitation.5 The generalization of the Bach-Lanczos
identity to a Riemann-Cartan space U4 was performed in.
6−8 We shall obtain
the Gauss-Bonnet type identity in a Weyl-Cartan space Y4 that can be essen-
tial for the dilatonic gravitational theory with quadratic Lagrangians. On the
preliminary version of our results see Ref. 9.
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2 Preliminaries to the variational procedure
We shall consider a Weyl-Cartan space Y4 that is a connected 4-dimensional
oriented differentiable manifoldM equipped with a linear connection Γ and a
metric g (with the Lorenzian signature) which obey the constraints,
Qλ
αβ =
1
4
Qλg
αβ , Qλ
αβ := ∇λgαβ , Qλ := Qλαβgαβ . (1)
The tensor Qλ
αβ is a nonmetricity tensor.10,11
We shall use a holonomic local vector frame ~eµ = ~∂µ (µ = 1, 2, 3, 4) with
Γσρ
λ as a connection coefficients. A space Y4 contains a nonvanishing torsion
tensor, Tσρ
λ := 2Γ[σρ]
λ, in general. A curvature tensor of Y4 and its various
contractions read, Rµ
ν = Rσµ
νσ, R˜µ
ν = Rµσ
σν , R = Rσ
σ and
Rαβσ
λ = 2∂[αΓβ]σ
λ + 2Γ[α|ρ|
λΓβ]σ
ρ . (2)
Let us consider the Lagrangian density,
L0 =
√−gL0 , L0 = R2 − (Rαβ + R˜αβ)(Rβα + R˜βα) +RαβµνRµναβ . (3)
The variation of (3) with respect to the metric gσρ and the connection Γλν
σ
reads,
δL0 = −1
2
√−gHσρδgσρ −
√−gHσνλδΓλνσ + total divergence , (4)
where
√−gHσρ := −2
[
δL0
δgσρ
]
Γ=const
,
√−gHσνλ := −
[
δL0
δΓλνσ
]
gσρ=const
, (5)
Hσρ = gσρL0 − 4Rαβ(στRρ)ταβ − 4Rτ(σρ)κ(Rκτ + R˜κτ )
−4Rτ(σ(Rρ)τ + R˜ρ)τ )− 4RR(σρ) , (6)
√−gHσνλ = 4∇µ{
√−g[Rσν[λµ] + (Rσ[λ + R˜σ[λ)gµ]ν
−(Rν[λ + R˜ν[λ)δσµ] − Rδ[λσ gµ]ν ]}
+2
√−g[Rσναβ + (Rσα + R˜σα)gβν − (Rνα + R˜να)δβσ +Rgναδβσ ]Mαβλ . (7)
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Here the modified torsion tensor is introduced, Mσρ
λ := Tσρ
λ + 2δλ[σTρ], where
Tρ := Tρτ
τ is the torsion trace.
3 The Gauss-Bonnet type Teorem
in Weyl-Cartan space
The following Gauss-Bonnet type Teorem generalized to Y4 is valid.
Theorem: The integral quantity,
∫
M
√−g[R2 − (Rαβ + R˜αβ)(Rβα + R˜βα) +RαβµνRµναβ ] d4x , (8)
over the oriented 4-dimensional manifoldM without boundary equipped with
the Weyl-Cartan differential-geometric structure does not depend on the choice
of a metric and a connection of the manifold and is a topological invariant.
Proof. The main idea of the proof consists in the demonstration that the
variation of the integrand of (8) with respect to a metric and a connection in
a Weyl-Cartan space Y4 is equal identically to a total divergence. In Y4 the
metric and the connection are not independent because of the constraints (1).
Therefore one can vary the modified integrand expression,
L = L0 + 1
2
√−gHαβλ
(
Qλ
αβ − 1
4
Qλg
αβ
)
, (9)
which in Y4 coinsides with the integrand of (8).
The variation of (9) has the form,
δL = −1
2
(√−gHσν+ ∗∇λ [√−g(Hσνλ − 14δνσHττλ)
])
gνρδg
σρ
+1
2
√−g
(
Hσ
νλ(Qλνρ − 14Qλgνρ)− 12gσρHαβλ(Qλαβ − 14Qλgαβ)
)
δgσρ
−√−g
(
H[σρ]
λ + 1
4
gσρHτ
τλ
)
gρνδΓλν
σ
+1
2
√−g
(
Qλ
αβ − 1
4
Qλg
αβ
)
δHαβ
λ + total divergence , (10)
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where
∗∇λ= ∇λ + Tλ. If the constraints (1) are taken into account, then the
hypothesis of the Theorem is the consequence of the Lemma.
Lemma: In a Weyl-Cartan space Y4 the following identities are valid,
(a)
√−gHσρ+
∗∇λ (
√−gHσρλ) = 0 , (b) H[σρ]λ = 0 , (c) Hττλ = 0 . (11)
Proof. The statement (c) follows immediately from (7). Using (7) and the
Bianchi identities in Y4 one gets,
H[σν]
λ = [8Rτ [σ
[λα]δ
β
ν] + 4Rτ [σ
αβδλν] + 4(Rτ
α + R˜τ
α)δβ[σδ
λ
ν]
+2(Rτ
λ + R˜τ
λ)δασ δ
β
ν ]Tαβ
τ
+[2Rσν
αβ + 4(R[σ
α + R˜[σ
α)δβν] − 2Rδασ δβν ]Mαβλ . (12)
Let us consider the expression,
Bσν
λ =
1
2
ηαβκωη
µτκǫηφρωληδσǫνRφρ
αβTµτ
δ , (13)
where ηαβγδ =
√−ge[αβγδ] is the Levi-Civita tensor (e[1234] = −1), and calculate
this expression in two ways: the first way consists in combining the first factor
with the second one and the third factor with the forth one, while the second
way consists in combining the first factor with the third one and the second
factor with the forth one. By equating the two results one gets that the
statement (b) of the Lemma is valid.
With the help of the Bianchi identities one can find,
√−gHσν+
∗∇λ (
√−gHσνλ) =
√−g[δνσL0 + 4RσταβRαβ[τν]
+4Rσ
κ[τν](Rτκ + R˜τκ) + 2(Rσ
τ + R˜σ
τ )(Rτ
ν + R˜τ
ν)− 2R(Rσν + R˜σν)] . (14)
Let us consider the expression,
Bσρ =
1
4
ηδτφ
ψηµν
φωηαβψρηκǫωσR
αβδτRµνκǫ , (15)
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and calculate it in two ways, as before. After equating the two results one can
be convinced that the statement (a) of the Lemma is valid. The proof of the
Lemma is finished.
Using the Lemma one can see that in Y4 the variation of (10) and therefore
the variation of (8) is equal to a total divergence. Q.E.D.
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